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LETTER TO THE EDITOR

The gebmetric phase on Kihler manifolds

Adrian Stanley
The Physics Laboratory, University of Kent at Canterbury, CT2 TNZ, UK

Received 13 September 1993

Abstract. A new expression for the phase one-form is derived in terms of a derivative of the
Kihler potential for the class of projective Hilbert spaces which are Kadhler manifolds. The
technique used is that of imaginary time-translation, previously introduced by the author.

In a previous paper [1] the author introduced the idea of translating a quantum state in
imaginary time as 2 means of extracting information concerning the geometric phase [2].
As is well known, the geometric phase is a consequence of parallel transport on a projective
Hilbert space [3] with a nop-trivial global topology [4]. The mapping from the Hilbert
space to the projective Hilbert space may be performed in a number of ways. In [1] this
was achieved with the aid of projection operators which have the property that they are
invariant under multiplication of the state by a phase:

loe} =+ o) {ex] ) (1)
e?la) > el ale™ = ja){a]. @

In this leiter an alternative parametrization in terms of inhomogéneous coordinates will
be used. After a brief account of the salient features of Kihler manifolds (of which CP” is
an example) imaginary time translations will be employed to give a new expression for the
phase one-form. A few examples will then be given.

Any non-dissipative quantum state in Hilbert space may be expressed by n + 1 complex
numbers. However, the n + 1 homogenous coordinates, Z%,---, Z* do not form a good
coordinate system on the projective ‘Hilbert space, CP".- In order to define a good set
of coordinates we divide through by Z° to obtain the inhomogeneous coordinates of the
projective Hilbert space:

z° M z
z! w'l EZ_

= A N B (3)
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The existence of a real (1, 1) tensor field called an almost complex structure which performs
the following mapping on the tangent space of M, J,M : T,M = T, M,

d 3 d ]
Poaxt gyt I ay* dxk “

(where w* = x*+iy) follows from the existence of holomorphic coordinates. Any complex
manifold also admits a Hermitian metric defined by

8p(JpX, JpX) = gp(X. ¥). ' &)
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If a tensor field (X, Y), on a Hermitian manifold is now defined by
Qp(X.Y) =gp(JpX. Y) (6)

then £2 is found to be antisymmetric in X and Y and represents a two-form called the
Kihler form of the Hermitian metric. A Kihler manifold is a Hermitian manifold (M, g)
with a closed Kihler form, i.e. d&2 = 0. The main point of interest for this Ietter is that the
components of the metric may be written locally as
3K
8ij = 8ji = gora=s @
where K is the Kihler potential of the Kahler metric. A full account of Kahler manifolds
and complex manifolds in general may be found in chapter 8 of [S].
If a state vector is chosen whose parametrization over a particular coordinate patch is
(Einstein summation convention assumed) [6]:
zro % Z/ = 7w/ ()
T+ mawh)2 -
then the state will be normalised to unity. The metric for such a projective Hilbert space is
the well known Fubini-Study metric on CP":

(1 + ,w*)§;; — wyw;y _
ds?(CP" , dw' dip/ 9
€P = (1 + e w)? ©)
and the associated Kihler potential of the metric is
K = % In(1 + dw*). (10)

If the state is time dependent, then the effect of an infinitesimal imaginary time
transkation on the Kihler potential may be observed,

t > t—ie = w > w —iew’ (1)

and
K@) — K(t,€) = L In(1 + dw* — ie (@’ — Dew®)) (12)
= 2In(1 + Bpw* -+ 2e Im(@ib*)). (13)

From the definition of w* and from the identity @* = (Z*/Z%), it follows that:
PR A A% A

W = _Z:;(? > —az) (14)
1
== za (Z, ZF —~ zsz‘—“) (15)
(+4
=z (ZeZ* — (1 — ZoZ% —“) (16)
= F.ok LT e _ Za
ZQZ"( k2" + ZoZ z,,) a7
= e = . Z
= e (Z, 7% + Z,2° - Z—“) (18)
<3
where the last equality holds by virtue of
7 7 7k
KO =1 4 gt = LT BZ ] (19)
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Therefore, .
2K — 1 4 i wk + 2e Im(ibgi®) (20
= KO( 4 2eIn(Z 2% G Za2? — g—:n | e
but the phase one-form is defined by
T = Im(Z, 7% + Z,Z%) , : (22)

whence it follows that

1 d
Kit,e)=K+ Eln(1+2e(I‘—ImEInZ,)) (23)
and therefore, over a patch where Z, # 0,
aK d
— =I'—Im—InZz,.. . 24
3¢ | a 4

Now, it is clear that the second term on the right-hand side is nothing more than ¢ and that
the phase y is given by -

T 3K
=] el
0 € le=0

The phase ¢ represents a global phase and is determined by the parailel transport condition
on the phase of the state. This is conventionally taken as ¢ = 0 [7]. Therefore, over a
coordinate patch where Z, £ 0 we have

—f e e-—U

From the above derivation it is clear that y is independent of the particular choice of Z,.
The Kihler potential is unique up to the addition of a pluriharmonic function f (defined by
8% f/(dw’ W)/ = 0 ). Such a function will be a sum of terms of the form f(w') or g(@/)
and the effect of an imaginary time translation on these expressions is

Fwh) = flw' —ien’) = f(w*')—iewfa—f. S @n

—[¢1. (25)

(26)

Jut )
= Fw) ~ ié%. @8)

" The first-order term in € gives the connection and here it is d f /dt, a total time derivative.
There will therefore be no contribution to the phase if a pluriharmonic function is added to
the Kihler potential,

At this point it is worth a moment’s digression to make a few remarks on imaginary
time translation as a mechanism. In order to specify a connection on a fibre bundle, a
horizontal subspace must be allocated to each point of the tangent space. If we make the
following standard decomposition,

¥} = e |4) ’ (29

(where |¥) is in Hilbert space (total space), e~ is the global phase (ﬁbre) and nlr) is in
projective Hilbert space (base space)) then the projection

(Wa}-lrlf) =0 (30)
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defines the usual connection. Let us now make a few comparisons between the derivative
d/dt (e |[¢r)) and the imaginary time translated state |yr(f — i¢)}:

(€ =17 = e () — i&1$) 31
whereas
Wt —ie)) = 19) ~ield) (32)
If we also compare projections onto the base space, namely
(Fle 2P = —ic+ (F1) | (33)
and
FOWE —ie)) = 1 - ie(F1h) 34)

then the imaginary part of (33) gives the connection condition on the phase which is

conveniently expressed either in terms of the imaginary derivative of (34) or the main
result of [1]:

& = Tm (§ 1) (35)
9 -
= 5 PO i) (36)
18
= 28 — Tr Py{t, €) » (37)

{where Py(t,e) = [¥ (@ —i€)}{J(t —ie)]). Imaginary time translation is effective in
this case because of the close correspondence of equations (31} and (32)—that is,
because imaginary unity is the generator of U(1) which is the holonomy group of CP".
Inhomogeneous coordinates are good coordinates on CP” and in a coordinate representation
the projective ket |t (¢)), and its imaginary time-translated colleague 1% (2 — i€)} may be
written as

@ (1)) = eX® : — | (t — i€)y = X : : (38)
w(r) w" — iew"

The evaluation of the imaginary time-translated bracket ((t — i€)|%(r — i€)) proceeds as
follows:

1
TrPy(t,e)  =eX4=9(1, -, B, +iet, ek : (39)
w" —iew”
o c—-(K(!.—G)+K(r,e))e2K(r.s} (40)
— eK(t.e)—K(s.—e) (4])
whence it follows that
8 K
—TrPy(z,€) = — . (42)
293¢ ex0 € g
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In the following, we give some examples. Consider a particle in a spin state | jr 7). As
it is a pure spin state, its projective Hilbert space is a CP! submanifold of CP% and as
such is also Kihler. In terms of homogenous coordinates, it is given by [8]

ZF = cos¥ (efz)e"f”(f—mm)‘“m (6/2)e™* (43)
ie. ‘
cos? (8/2)e~ii¢
(2§)2c0s?~1(8/2) sin(9/2)e~/~1i¢
14, j) = : . “9
(27)3 cos(@/2)sin¥ = (g/2)e=1% )
sin® (8/2)eli¢
In order to transform to inhomogeneous coordinates, we may divide by Z° as this remains
non-zero over the whole surface of the Riemann sphere, with the exception of the south
pole. The inhomogeneous coordinates are therefore
2!

£ ki

wh = ((—“_]5',?)]/2'(3“ (0/2)e™. (45)

If ¢ is identified with we, an Imagmary time translation modifies w*, giving
‘L(G) = (W)Uztank(G/Z)e‘hm -—kwe (46)

This leads to a Kdhler potential of

K (€) = In(1 + tan?(8/2)e**)/ 47
and a phase one-form, ’

I' = jw(l — cosé). (4%)

As a further example, consider the spin state |j, 0}, This will be of the form

(K@
Xx(@)e~i= %

|7, 0} = Xis1 (49)

ixz(@)eu g
\ =Xi®)e* )
where the symmetry in the functions X follows from the fact that under reflections we have
@+ x —8, ¢ > m + ¢. The elements of the state vector transform as

L)y = 1, —md_y (50)
where —j < & < j. This leads to a set of inhomogeneous coordinates:

(L)

X250
x:©

Hu o | (51)

&20(2j—Dig
X, =
\ ez.i' i
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After the customary substitutions, ¢ = wt, t = t — ig, the Kéhler potential becomes {(after
collecting ferms up to O(e) only)

2 . b
K = %ln(Z(l +2jwe) +2 (ﬁ) (+2jwe)+...+ (@) (1 +2jwe))

X, X1
i X2 2 Xj+1 2 I :

=51n(2+2(x—t) +'"+(X1 ))-I—-iln(l+21coe) (52)

=%1n(2+2(§—?)2+...+(%)2) + jwe. (53)
To first order in €, -

K{t,e)=K(, 00+ el (54)
so by comparison we see that for |, 0},

= jo ' (55)
which implies

y = 2rj = Omod 2% (56)

which arises from the decoupling of the 6 and ¢-dependencies.

In conclusion, in (1] the process of imaginary time translation was introduced as a
means of obtaining the geometric phase. In this paper the scope of this method has been
extended by application to Kdhler manifolds but the principle remains the same in the
equivalence of the mappings from Hilbert to projective Hilbert space and from homogeneous
to inhomogeneous coordinates. The wider question of the reasons behind the efficacy of
imaginary time translation as a mechanism has also been resolved.

I would like to thank Dr Lewis Ryder for many helpful and enlightening discussions. I
would also like to thank Phillip Marsh for achieving what I had considered impossible—the
rekindling of my enthusiasm for physics. This work was supported by the Science and
Engineering Research Council under grant no. 90807264.
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